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Factoring Solution Components
Input: f (x) = 0 polynomial system with a positive dimensional solution component, represented by witness set.
coefficients of f known approximately, work with limited precision
Wanted: decompose the component into irreducible factors, for each factor, give its degree and multiplicity.
Symbolic-Numeric issue: essential numerical information (such as degree and multiplicity of each factor), is obtained much faster than the full symbolic representation. 
Monodromy to Decompose Solution Components
Given: a system f (x) = 0; and W = (Z, L):
for all w ∈ Z : f (w) = 0 and L(w) = 0.
Wanted: partition of Z so that all points in a subset of Z lie on the same irreducible factor.
Example: does f (x, y) = xy − 1 = 0 factor? Consider H(x, y, θ) =    xy − 1 = 0
For θ = 0, we start with two real solutions. When θ > 0, the solutions turn complex, real again at θ = π, then complex until at θ = 2π. Back at θ = 2π, we have again two real solutions, but their order is permuted ⇒ irreducible.
Connecting Witness Points 1. For two sets of hyperplanes K and L, and a random γ ∈ C
We start paths at t = 0 and end at t = 1.
2. For α ∈ C, trace the paths defined by H(x, t, K, L, α) = 0.
For β ∈ C, trace the paths defined by H(x, t, L, K, β) = 0.
Compare start points of first path tracking with end points of second path tracking. Points which are permuted belong to the same irreducible factor.
3. Repeat the loop with other hyperplanes.
We are interested in the linear trace: t 1 (x) = c 1 x + c 0 .
Sample the cubic at x = x 0 and x = x 1 . The samples are {(x 0 , y 00 ), (x 0 , y 01 ), (x 0 , y 02 )} and {(x 1 , y 10 ), (x 1 , y 11 ), (x 1 , y 12 )}. With t 1 we can predict the sum of the y's for a fixed choice of x. • We may not have enough monodromy loops to connect all witness points on the same irreducible component.
• For a k-dimensional solution component, it suffices to consider a curve on the component cut out by k − 1 random hyperplanes. The factorization of the curve tells the decomposition of the solution component.
• We have enough witness points on the curve if the value at the linear trace can predict the sum of one coordinate of all points in the set.
Notice: Instead of monodromy, we may enumerate all possible factors and use linear traces to certify. While the complexity of this enumeration is exponential, it works well for low degrees.
Special case: one single polynomial
coefficients known approximately, work with limited precision
• Wanted: write f as product of irreducible factors, as
every irreducible factor q i occurs with multiplicity µ i . 
Dealing with Multiplicities
On a factor of degree d and multiplicity µ, we find d clusters, each of µ witness points.
Choose v = (v 1 , v 2 , . . . , v n ) and compute
Then apply the techniques to the multiplicity one roots of g(x) corresponding to the clusters.
Using a theorem of Marden and Walsh
Assume d is the degree of f (z), f ∈ C[z]; µ is the multiplicity of a root of f ; z 0 is the center of the cluster around the multiple root; ∆ r (z 0 ) = { z ∈ C | |z − z 0 | ≤ r } contains the cluster; r is the radius of the disk ∆ r (z 0 );
Applying the bound for R/r Given a cluster of µ roots (and d − µ other roots), compute
• z 0 as the average of the roots in the cluster;
• r as the largest distance of the roots in the cluster to z 0 ;
• R as the smallest distance of the other d − µ roots to z 0 .
We obtain a bound on r, the precision of the roots in the cluster, in order for the successive derivatives of f to be safe.
Numerical Limitations
• Evaluation of high degree polynomials is numerically unstable: -will factor when working with double precision floats; -will not factor as soon as precision is high enough. • Legs connect vertices to midpoints. The special Griffis-Duffy platforms move:
• Case 1: Plates not equal, legs not equal.
-Curve is degree 20 in Euler parameters.
-Curve is degree 40 in position.
• Case 2: Plates congruent, legs all equal.
-Factors are degrees (4 + 4) + 6 + 2 = 16 in Euler parameters. 
Singularities of Stewart-Gough Platforms
At singularity, rigidity of device is lost, allowing finite motion which cannot be controlled by leg lengths (disaster!).
position of platform;
quaternion defines a rotation;
ball joints at platform and base, i = 1, 2, . . . , 6; J ∈ C
6×6
Jacobian matrix of mapping from platform motion to leg lengths.
Then the condition on a singular configuration is det J = 0.
det J is a polynomial of degree 1728 in 43 variables: p, q, a i , b i . • case of almost all manipulators p, a i , and b i are randomly chosen
• deg(det J) = 12, homogeneous in q the expanded det J has 910 terms • deg(det J) = 12, homogeneous in q the expanded det J has 910 terms • ball joints a i , b i in parallel planes, position p is variable, q 1 = q 2 = 0
• deg(det J) = 15, in (p, q) expanded det J has 24 terms, much sparser, as 24 << 910
where the constants a, b, c depend on the choice of 
Exercises
• Apply phc -f to factor x**6 -x**5*y + 2*x**5*z -x**4*y**2 -x**4*y*z+x**3*y**3 -4*x**3*y**2*z + 3*x**3*y*z**2 -2*x**3*z**3 + 3*x**2*y**3*z -6*x**2*y**2*z**2 + 5*x**2*y*z**3 -x**2*z**4 + 3*x*y**3*z**2 -4*x*y**2*z**3 + 2*x*y*z**4+y**3*z**3 -y**2*z**4;
• Consider the adjacent minors of a general 2 × 4-matrix: 
